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ABSTRACT

By investigating the properties of some special covers and envelopes of

modules, we prove that if R is a Gorenstein ring with the injective envelope

of RR flat, then a left R-module is Gorenstein injective if and only if it is

strongly cotorsion, and a right R-module is Gorenstein flat if and only if

it is strongly torsionfree. As a consequence, we get that for an Auslander–

Gorenstein ring R, a left R-module is Gorenstein injective (resp. flat) if

and only if it is strongly cotorsion (resp. torsionfree).

1. Introduction

As nice generalizations of injective and flat modules, Enochs et al. introduced

in [EJ1] and [EJT] the notions of Gorenstein injective and flat modules. On

the other hand, Enochs introduced in [E1] the notion of cotorsion modules. All

pure-injective (hence injective) modules are cotorsion. Furthermore, as special

cases of cotorsion and torsionfree modules, Xu introduced in [X] the notions

of strongly cotorsion and torsionfree modules (over commutative Noetherian

rings). Many authors have studied the homological properties of these modules

mentioned above, which have turned out to be very useful in characterizing

rings; see [E1], [E2], [EH], [EJ1], [EJ2], [EJT], [H], [KS], [MD], [X], and so

on. In this paper, we will investigate the relation between Gorenstein injective

modules and strongly cotorsion modules. In particular, we will study when
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these two kinds of modules coincide as well as when Gorenstein flat modules

and strongly torsionfree modules coincide.

In Section 2, we give some terminology and some preliminary results. In

Section 3, by investigating the properties of the flat covers, the injective covers

and envelopes of modules, we prove that if R is a Gorenstein ring with the

injective envelope of RR flat, then a left R-module is Gorenstein injective if and

only if it is strongly cotorsion, and a right R-module is Gorenstein flat if and

only if it is strongly torsionfree. As an immediate consequence, we get that

a left R-module is Gorenstein injective (resp. flat) if and only if it is strongly

cotorsion (resp. torsionfree) for an Auslander–Gorenstein ring R.

2. Preliminaries

Throughout this paper, R is an associative ring with identity and ModR is the

category of left R-modules.

Definition 2.1 ([E1]): Let C be a full subcategory of ModR. The homomor-

phism f : C → D in ModR with C ∈ C is said to be a C -precover of D

if for any homomorphism g : C′ → D in ModR with C′ ∈ C , there exists a

homomorphism h : C′ → C such that the following diagram commutes:

C′

g

��

h

���
�
�
�

C
f �� D

The homomorphism f : C → D is said to be right minimal if an endo-

morphism h : C → C is an automorphism whenever f = fh. A C -precover

f : C → D is called a C -cover if f is right minimal; C is called covering if ev-

ery module in ModR has a C -cover. Dually, the notions of a C -preenvelope,

a left minimal homomorphism and a C -envelope are defined.

For a full subcategory C of ModR, we denote by

C⊥1 = {X ∈ ModR | Ext1R(C,X) = 0 for any C ∈ C }.

The following useful result is usually called the Wakamatsu’s lemma.
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Lemma 2.2 ([EJ2, Corollary 7.2.3]): Let C be a full subcategory of ModRop

closed under extensions. If f : C → D is a C -cover of a module D in ModRop,

then Ker f ∈ C ⊥1 .

For a module M ∈ ModR, we denote the flat, injective and projective dimen-

sions of M by fdR M , idR M and pdR M , respectively. The following lemma

will be used frequently in next section.

Lemma 2.3:

(1) ([I, Proposition 1]) For a right Noetherian ring R,

idRop R = sup{fdR I | I ∈ ModR is injective }.

(2) ([DC, Theorem 3.8]) For a left Noetherian ring R,

idR R = sup{idR M | M ∈ ModR with fdR M < ∞}.
Definition 2.4 ([X, EH]): A module M ∈ ModR is called cotorsion if

Ext1R(F,M) = 0 for any flat left R-module F ; and M is called strongly co-

torsion if Ext1R(X,M) = 0 for any X ∈ ModR with finite flat dimension. A

module N ∈ ModRop is called strongly torsionfree if TorR1 (N,X) = 0 for

any X ∈ ModR with finite flat dimension.

Enochs and Huang introduced in [EH] the notion of n-cotorsion modules as

follows.

Definition 2.5: For a non-negative integer n, a module M ∈ ModR is called

n-cotorsion if Ext1R(X,M) = 0 for any X ∈ ModR with flat dimension at

most n.

It is trivial that a module M is cotorsion if and only if it is 0-cotorsion, and

M is strongly cotorsion if and only if it is n-cotorsion for all n.

As a generalization of injective modules, the notion of Gorenstein injective

modules was introduced by Enochs and Jenda in [EJ1].

Definition 2.6 ([EJ1]): A module M ∈ ModR is called Gorenstein injective

if there exists an exact sequence:

· · · → I1 → I0 → I0 → I1 → · · ·
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in ModR with all terms injective, such that M = Im(I0 → I0) and the sequence

is still exact after applying the functor HomR(I,−) for any injective left R-

module I.

Recall that a left and right Noetherian ring R is calledGorenstein if idR R =

idRop R < ∞.

Lemma 2.7: Let R be a Gorenstein ring with idR R = idRop R = n. If n ≥ 1,

a module G ∈ ModR is Gorenstein injective if and only if there exists an exact

sequence

In−1 → · · · → I1 → I0 → G → 0

in ModR with all Ii injective. If n = 0, then every module in ModR is Goren-

stein injective.

Proof. We first prove the former assertion. The necessity is trivial. We only

need to prove the sufficiency. Let Kn = Ker(In−1 → In−2) (note: I−1 = G) and

I be an injective module in ModR. Because R is a Gorenstein ring with idR R =

idRop R = n, pdR I ≤ n by [I, Theorem 2]. So ExtiR(I,G) ∼= Extn+i
R (I,Kn) = 0

for any i ≥ 1. Thus G is Gorenstein injective by [EJ2, Corollary 11.2.2]. The

latter assertion also follows from [EJ2, Corollary 11.2.2].

As a generalization of flat modules, the notion of Gorenstein flat modules was

introduced by Enochs, Jenda and Torrecillas in [EJT].

Definition 2.8 ([EJT]): A module N ∈ ModRop is called Gorenstein flat if

there exists an exact sequence:

· · · → F1 → F0 → F 0 → F 1 → · · ·
in ModRop with all terms flat, such that N = Im(F0 → F 0) and the sequence

is still exact after applying the functor −⊗
R I for any injective left R-module

I.

We denote by (−)+ = HomZ(−,Q/Z), where Z is the additive group of

integers and Q is the additive group of rational numbers.

Lemma 2.9: For a module N ∈ ModRop, we have:

(1) N is strongly torsionfree if and only if N+ is strongly cotorsion.

(2) If R is a Gorenstein ring, then N is Gorenstein flat if and only if N+ is

Gorenstein injective.
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Proof. (1) By [CE, Chapter VI, Proposition 5.1], we have

[TorR1 (N,A)]+ ∼= Ext1R(A,N
+)

for any A ∈ ModR. Then the assertion follows easily.

(2) See [EJ2, Theorem 10.3.8].

3. Main results

For a full subcategory C of ModR, we denote the C -cover of a module M ∈
ModR by C0(M) if it exists. The following result gives a criterion for judging

when a C -cover of a module is in another subcategory D of ModR, which is

indebted to [KS, Theorem 3.1].

Theorem 3.1: Let M ∈ ModR and C be a covering subcategory of ModR

such that either C is closed under extensions or C ⊆ C⊥1 , and such that there

exists an epic C -cover of M , and let D be a subcategory of ModR closed under

direct summands such that there exists a D-precover ofM and D ⊆ D⊥1
⋂

C ⊥1 .

If the C -cover of any D-precover of M is in D , then the following statements

are equivalent.

(1) C0(M) ∈ D .

(2) Every D-precover D
f−→ M of M is epic and Ker f ∈ C ⊥1 .

(3) There exists a D-precover D
f−→ M of M such that f is epic and

Ker f ∈ C⊥1 .

Proof. (1) ⇒ (2) Because there exists an epic C -cover of M and C0(M) ∈ D ,

every D-precover D
f−→ M of M is epic. Consider the following pull-back

diagram:

0

��

0

��
K

��

K

��
0 �� Ker f �� A

��

�� C0(M)

��

�� 0

0 �� Ker f �� D
f ��

��

M

��

�� 0

0 0
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where K = Ker(C0(M) → M). Because D
f−→ M is a D-precover of M and

D ⊆ D⊥1 , Ker f ∈ D⊥1 . In particular, Ext1R(C0(M),Ker f) = 0. So the middle

row in the above diagram splits, which implies that Ker f is isomorphic to a

direct summand of A. On the other hand, note that K ∈ C⊥1 by Lemma 2.2,

and D ∈ C ⊥1 by assumption. Thus by the exactness of the middle column in

the above diagram, A ∈ C ⊥1 and Ker f ∈ C ⊥1 .

(2) ⇒ (3) It is trivial.

(3) ⇒ (1) Assume that there exists an exact sequence

0 → Ker f → D
f−→ M → 0

in ModR such that D
f−→ M is a D-precover of M and Ker f ∈ C ⊥1 . Let

g : C → M be a homomorphism in ModR with C ∈ C . Consider the following

diagram:

C0(D)

π

��

C

h

���
�
�
�
�

α��� � �

g

��
0 �� Ker f �� D

f ��

��

M �� 0

0

where π : C0(D) → D is the C -cover of D. Because Ker f ⊆ C⊥1 , there

exists a homomorphism h : C → D such that g = fh. Then there exists a

homomorphism α : C → C0(D) such that h = πα. Thus we have g = fh =

(fπ)α, which implies that fπ : C0(D) → M is a C -precover of M . It follows

that C0(M) is isomorphic to a direct summand of C0(D). On the other hand,

C0(D) ∈ D and D is closed under direct summands by assumption. Thus we

have that C0(M) ∈ D .

For a non-negative integer n, we use Fn(R) to denote the subcategory of

ModR consisting of modules with flat dimension at most n. Bican, El Bashir

and Enochs proved in [BEE] that every module has a flat cover for any ring.

Mao and Ding generalized this result and proved in [MD, Theorem 3.4] that

every module in ModR has an Fn(R)-cover. In particular, an F0(R)-cover

is just a flat cover. We denote the Fn(R)-cover of a module M ∈ ModR by

Fn(M). On the other hand, by [E1, Theorem 2.1], we have that every module
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in ModR has an injective cover if and only if R is a left Noetherian ring. The

following result is an immediate consequence of Theorem 3.1.

Corollary 3.2: Let R be a left Noetherian ring and M ∈ ModR. If the

Fn(R)-cover of any injective precover of M is injective, where n is a non-

negative integer, then the following statements are equivalent.

(1) Fn(M) is injective.

(2) Every injective precover E
f−→ M of M is epic and Ker f is n-cotorsion.

(3) There exists an injective precover E
f−→ M of M such that f is epic

and Ker f is n-cotorsion.

For a module M ∈ ModR, we denote the injective envelope and the injective

cover (if it exists) of M by E0(M) and E0(M), respectively. Putting n = 0 in

Corollary 3.2, we get the following result, which is a non-commutative analog

of [KS, Theorem 3.1].

Corollary 3.3: Let R be a left and right Noetherian ring with E0(RR) flat.

Then the following statements are equivalent for a module M ∈ ModR.

(1) F0(M) is injective.

(2) Every injective precover E
f−→ M of M is epic and Ker f is cotorsion.

(3) There exists an injective precover E
f−→ M of M such that f is epic

and Ker f is cotorsion.

Proof. By [EH, Theorem 4.5], E0(RR) is flat if and only if F0(E) is injective for

any injective left R-module E. So the assertion follows from Corollary 3.2.

The following result is a non-commutative analog of [X, Lemma 4.1].

Proposition 3.4: Let R be a right Noetherian ring with idRop R < ∞ and let

C ∈ ModR be strongly cotorsion. Then there exists an exact sequence

0 → K → E0(C)
f−→ C → 0

in ModR such thatK is strongly cotorsion and Ext1R(I,K) = 0 for any injective

left R-module I.
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Proof. Let C ∈ ModR be strongly cotorsion. Consider the following push-out

diagram:

0

��

0

��
0 �� H �� F0(C) ��

��

C ��

��

0

0 �� H �� E0(F0(C)) ��

��

D ��

��

0

X

��

X

��
0 0

where H = Ker(F0(C) → C) and X = Coker(F0(C) → E0(F0(C))). Because

idRop R < ∞, fdR E0(F0(C)) < ∞ by Lemma 2.3(1). So fdR X < ∞ by the

exactness of the middle column in the above diagram, and hence Ext1R(X,C) =

0. It yields that the rightmost column 0 → C → D → X → 0 in the above

diagram splits. Then we get an epimorphism E0(F0(C)) → C. So the injective

cover f : E0(C) → C of C is epic. By Lemma 2.2, Ext1R(I,K) = 0 for any

injective left R-module I, where K = Ker f .

Let A ∈ ModR with fdR A < ∞. Then from the exact sequence

0 = Ext1R(A,C) → Ext2R(A,K) → Ext2R(A,E0(C)) = 0

we get that Ext2R(A,K) = 0. Consider the following exact sequence:

0 → A → E0(A) → B → 0,

where B = Coker(A → E0(A)). By Lemma 2.3(1), fdR E0(A) < ∞. So

fdR B < ∞ and hence Ext2R(B,K) = 0 by the above argument. Then from the

exact sequence

0 = Ext1R(E
0(A),K) → Ext1R(A,K) → Ext2R(B,K) = 0

we get that Ext1R(A,K) = 0 and K is strongly cotorsion.
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For a left Noetheran ring R and a module M ∈ ModR, by [E1, Theorem 2.1]

we have the following complex:

· · · → Ei(M) → · · · → E1(M) → E0(M) → M

in ModR such that E0(M) → M is the injective cover ofM and Ei+1(M) → Ki

is the injective cover of Ki for any i ≥ 0, where Ki = Ker(Ei(M) → Ei−1(M))

(note: E−1(M) = M).

The next corollary finishes the proof of the main result in one direction.

Corollary 3.5: For a Gorenstein ring R, a strongly cotorsion left R-module

is Gorenstein injective.

Proof. Let C ∈ ModR be strongly cotorsion. By Proposition 3.4, there exists

an exact sequence

0 → K0 → E0(C) → C → 0

in ModR such that K0 is strongly cotorsion and Ext1R(I,K0) = 0 for any

injective left R-module I. Then it is easy to see that we can get an exact

sequence

· · · → Ei(C) → · · · → E1(C) → E0(C) → C → 0

in ModR such that Ext1R(I,Ki) = 0 for any injective left R-module I and

i ≥ 0, where Ki = Im(Ei+1(C) → Ei(C)). It follows from Lemma 2.7 that C is

Gorenstein injective.

By Corollary 3.5, we have the following

Corollary 3.6:

(1) If R is a Gorenstein ring, then a left R-module is injective if and only

if it is strongly cotorsion with finite injective dimension.

(2) If R is a right Noetherian ring with idRop R < ∞, then a left R-module

is injective if it is strongly cotorsion with finite flat dimension.

Proof. (1) The necessity is trivial. We only need to prove the sufficiency. Let

C ∈ ModR be strongly cotorsion. Then C is Gorenstein injective by Corollary

3.5. So if idR C < ∞, then C is injective.
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(2) Let C∈ModR be strongly cotorsion with fdR C<∞. Then fdR E0(C)<∞
by Lemma 2.3(1). Consider the following exact sequence:

0 → C → E0(C) → X → 0.

Then fdR X < ∞. So Ext1R(X,C) = 0 and this exact sequence splits. Thus C

is injective.

The following result is a dual version of Corollary 3.6.

Corollary 3.7: (1) If R is a Gorenstein ring, then a right R-module is

flat if and only if it is strongly torsionfree with finite flat dimension.

(2) If R is a right Noetherian ring with idRop R < ∞, then a right R-module

is flat if it is strongly torsionfree with finite injective dimension.

Proof. (1) The necessity is trivial. We only need to prove the sufficiency. Let

T ∈ ModRop be strongly torsionfree with fdRop T < ∞. Then T+ is strongly

cotorsion with idR T+ < ∞ by Lemma 2.9(1) and [F, Theorem 2.1]. So T+ is

injective by Corollary 3.6(1), and hence T is flat by [F, Theorem 2.1].

(2) Let T ∈ ModRop be strongly torsionfree with idRop T < ∞. Then T+ is

strongly cotorsion with fdR T+ < ∞ by Lemma 2.9(1) and [F, Theorem 2.2].

So T+ is injective by Corollary 3.6(2), and hence T is flat by [F, Theorem

2.1].

We continue with some propositions leading to the proof of the main result

in the other direction. We denote by I (R) the full subcategory of ModR

consisting of modules with finite injective dimension, and by

I (R)⊥n = {M ∈ ModR | ExtiR(K,M) = 0 for any K ∈ I (R) and 1 ≤ i ≤ n}

for a positive integer n.

Proposition 3.8: Let R be a left and right Noetherian ring with idR R < ∞
and let M ∈ I (R)⊥1 . If E0(RR) is flat, then F0(M) is injective.
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Proof. Let M ∈ I (R)⊥1 . Consider the following push-out diagram:

0

��

0

��
0 �� A �� F0(M) ��

��

M ��

��

0

0 �� A �� E0(F0(M)) ��

��

X ��

��

0

K

��

K

��
0 0

where A = Ker(F0(M) → M) and K = Coker(F0(M) → E0(F0(M))). Because

E0(RR) is flat by assumption, E0(F0(M)) is flat by [EH, Theorem 4.5]. On

the other hand, by Lemma 2.2, we have that Ext1R(F,A) = 0 for any flat left

R-module F . So by the exactness of the middle row in the above diagram,

E0(F0(M)) is a flat precover of X .

Because idR R < ∞, idR F0(M) < ∞ by Lemma 2.3(2). So idR K < ∞ and

Ext1R(K,M) = 0, which implies that the rightmost column

0 → M → X → K → 0

in the above diagram splits. It follows that M is isomorphic to a direct sum-

mand of X ; then E0(F0(M)) is a flat precover also of M and hence F0(M) is

isomorphic to a direct summand of E0(F0(M)). Thus F0(M) is injective.

We denote by I (R)⊥ =
⋂

n≥1 I (R)⊥n . By Proposition 3.8, we get the

following

Proposition 3.9: Let R be a left and right Noetherian ring with idR R < ∞
and let M ∈ I (R)⊥. If E0(RR) is flat, then M is strongly cotorsion.

Proof. Let M ∈ I (R)⊥. By Proposition 3.8, F0(M) is injective. Then by

Corollary 3.3, there exists an exact sequence:

(1) 0 → M1 → E0(M) → M → 0
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in ModR with M1 cotorsion. Because E0(M) → M is the injective cover of

M , Ext1R(I,M1) = 0 for any injective left R-module I by Lemma 2.2. Then

ExtiR(I,M1) = 0 for any injective left R-module I and i ≥ 1 by the exact

sequence (1). It follows easily that M1 ∈ I (R)⊥.
Let X ∈ ModR with fdR X < ∞. Because idR R < ∞ by assumption,

idR X < ∞ by Lemma 2.3(2). So ExtiR(X,M1) = 0 for any i ≥ 1. Then from

the exact sequence (1) we get that Ext1R(X,M) ∼= Ext2R(X,M1) = 0 and M is

strongly cotorsion.

We are now in a position to state the main result.

Theorem 3.10: Let R be a Gorenstein ring with E0(RR) flat. Then we have:

(1) A left R-module is Gorenstein injective if and only if it is strongly

cotorsion.

(2) A right R-module is Gorenstein flat if and only if it is strongly torsion-

free.

Proof. (1) By [H, Theorem 2.22], we have that M ∈ I (R)⊥ if M ∈ ModR is

Gorenstein injective. So the assertion follows from Corollary 3.5 and Proposition

3.9.

(2) By Lemma 2.9 and (1), we have that a module N ∈ ModRop is Gorenstein

flat if and only if N+ is Gorenstein injective, if and only if N+ is strongly

cotorsion, and if and only if N is strongly torsionfree.

Let

0 → RR → E0(RR) → E1(RR) → · · · → Ei(RR) → · · ·
be a minimal injective coresolution of RR. Recall from [Bj] that a left and right

Noetherian ringR is said to satisfy theAuslander condition if fdR Ei(RR) ≤ i

for any i ≥ 0, and R is called Auslander–Gorenstein if it is Gorenstein and

satisfies the Auslander condition. It is well known that the notion of the Aus-

lander condition is left-right symmetric ([FGR, Theorem 3.7]). By [B, Funda-

mental Theorem], we have that a commutative Gorenstein ring is Auslander–

Gorenstein. By Theorem 3.10, we immediately have the following

Corollary 3.11: For an Auslander–Gorenstein ring R, a left R-module is

Gorenstein injective (resp. flat) if and only if it is strongly cotorsion (resp. tor-

sionfree). In particular, for a commutative Gorenstein ring R, an R-module is
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Gorenstein injective (resp. flat) if and only if it is strongly cotorsion (resp. tor-

sionfree).
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